
- _ - -  - - . - -  ..., .. 1-. 
1100 SEVENTEENTH STREET, N.W. WASHINGTON, D.C. 20036 

COVER SHEET FOR TECHNICAL MEMORANDUM 

< 
t 
n 

TITLE- D i v e r s i t y  Performance o f  t h e  ldideband m- 68-2034-4 
FSK Sys tem i n  a Two-Path/Multipath 
Channel w i t h  a P l a n e t a r y  Landing Probe  DATE- June  1 5 ,  196 c! 

F I L I N G  CASE NO(S) -  730  

F I L I N G  
(ASS I GN 

SUBJECT( s)- Space Relay Modula . t l  o r  
PERFORtlAYCE OF 
A 
K I T H  A PLANETARY 
nc.) 65 p 

M u l t i p a t h  c h a n n e l s  a r i s e  i n  space communications when a 
l a n d i n g  p robe ,  descend ing  upon a c e l e s t i a l  b o d y ,  communicates w i t h  
a s p a c e c r a f t  r e l a y  o r b i t i n g  about  or f l y i n g  b y  t h e  c e l e s t i a l  body.  
Two p a t h s  between t h e  l a n d i n g  p robe  and t h e  s p a c e c r a f t  a r i s e  f r o m  
t h e  f a c t  t h a t  some o f  t h e  s i g n a l  energy  t r a n s m i t t e d  by  t h e  probe  
w i l l  b e  r e f l e c t e d  o f f  t h e  s u r f a c e  o f  t h e  c e l e s t i a l  body. 
r e f l e c t e d  wave i s  d e l a y e d  i n  time w i t h  r e s p e c t  t o  t h e  d i r e c t  p a t h  
t r a n s m i s s i o n  and i n  a d d i t i o n  can b e  d i s t o r t e d  by t h e  r e f l e c t i o n  
boundary.  
( p r i m a r i l y  s i g n a i  f a d i n g )  of  t n e  r e c e i v e d  s i g n a i .  

The 

The n e t  e f f e c t  i s  t o  c a u s e  m u l t i p a t h  d i s t o r t i o n  

D i v e r s i t y  t e c h n i q u e s  have  commonly been used  t o  r educe  
t h e  e f f e c t s  o f  a f a d i n g  channel .  
e v a l u a t i n g  t h e  d i v e r s i t y  performance o f  FSK wideband communication 
systems i n  a two-path/mult ipath channe l  was t a k e n  as t h e  s u b j e c t  
f o r  t h i s  paper .  I n  t h i s  paper ,  a d e t a i l e d  mathematical  model of 
a f a d i n g  channe l  i s  o b t a i n e d .  T h i s  a l l o w s  one t o  s t u d y  t h e  e f f e c t s  
of v a r i a t i o n s  of  s u c h  impor tan t  parameters as d o p p l e r  ra te ,  
and t h e  d e g r e e  of c o r r e l a t i o n  between t h e  d i r e c t  p a t h  and r e f l e c t e d  
p a t h  t r a n s m i s s i o n s .  The model i s  used  t o  d e r i v e  per formance  equa- 
t i o n s  f o r  t h i s  s y s t e m  f o r  a n  a r b i t r a r y  number (D) of  d i v e r s i t y  
c h a n n e l s .  I n  t u r n ,  t hese  e q u a t i o n s  have been programmed and a se t  
of  per formance  c u r v e s  a re  p r e s e n t e d  which d e s c r i b e  t h e  s y s t e m  pe r -  
formance f o r  a wide  r ange  o f  parameter v a r i a t i o n .  

Thus,  t h e  p a r t i c u l a r  problem of 

of fade,  

The r e s u l t s  ob ta ined  do no t  l e n d  themse lves  t o  any s i m p l e  
g e n e r a l i z e d  c o n c l u s i o n s .  
knowledge one assumes as t o  t h e  n a t u r e  of  t h e  fade d e t e r m i n e s  i n  
pa r t  whether  d i v e r s i t y  shou ld  b e  c o n s i d e r e d .  For example,  i n  
n e a r l y  all c a s e s ,  r e f l e c t i o n s  from ex t r eme ly  smooth b o u n d a r i e s  
( s p e c u l a r  r e f l e c t i o n s )  show d e g r a d a t i o n s  i n  per formance  w i t h  t h e  
u s e  o f  d i v e r s i t y  wh i l e  f o r  most d i f f u s e  r e f l e c t i o n  c a s e s ,  a n  
improvement can be ach ieved  thrpugh, t h e  use  of d i v e r s i t y .  

I t  was found t h a t  t h e  amount o f  a p r i o r i  
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1 . 0  I N T R O D U C T I O N  

1.1 Background 

I n  a t y p i c a l  Mars m i s s i o n ,  a l a n d i n g  p robe  w i l l  descend 
upon Mars, w h i l e  a s p a c e c r a f t  o r b i t s  around or f l y s  b y  t h e  p l a n e t .  
I n  o r d e r  to p r o p e r l y  e v a l u a t e  t h e  performance o f  a communication 
l i n k  between t h e  s p a c e c r a f t  and  t h e  l a n d i n g  p robe ,  t h e  e f f e c t s  o f  
m u l t i p a t h  must be cons ide red .  The m u l t i p a t h  e f f e c t  i s  g e n e r a t e d  
s i n c e  a d i r e c t  t r a n s m i s s i o n  p a t h  from t h e  c a p s u l e  to t h e  space-  
c r a f t  e x i s t s  t o g e t h e r  w i t h  a r e f l e c t e d  p a t h  o f f  t h e  s u r f a c e  o f  
Mars. The r e f l e c t e d  s i g n a l  w i l l  be  modeled as a Ricean s i g n a l  
a l l o w i n g  us  t o  i n v e s t i g a t e  t h e  e f f e c t s  o f  a r e f l e c t i o n  whose com- 
p o s i t i o n  can  va ry  from t o t a l l y  s p e c u l a r  to t o t a l l y  d i f f u s e . *  
For  t h e  remainder  o f  t h i s  paper  w e  r e s t r i c t  o u r  a t t e n t i o n  to t h e  
d e t e c t i o n  o f  a n  FSK t r a n s m i s s i o n  f o r  such a m u l t i p a t h  channel .  

S e v e r a l  r e s e a r c h e r s  (1,2,3) have been concerned w i t h  t h e  
problem o f  d e t e c t i n g  a n  FSK t r a n s m i s s i o n  when d o p p l e r  and/or  
o s c i l l a t o r  i n s t a b i l i t i e s  cause  s i g n i f i c a n t  f r equency  u n c e r t a i n t y .  
Bzcause of t h i s  u n c e r t a i n t y ,  an  optimum non-coherent matched 
f i l t e r  d e t e c t i o n  sys t em cannot  be used .  The r e c e i v e r  used f o r  
t h i s  s i t u a t i o n  i s  i l l u s t r a t e d  i n  F i g u r e  1-1. 
z ( t ) ,  i s  passed th rough  both  mark and space  d e t e c t o r s  each  con- 
s i s t i n g  o f  a bandpass  f i l t e r  (B Hz w i d e ) ,  fo l lowed  by  a square-  
l a w  envelope  d e t e c t o r  and t h e n  th rough  a f i n i t e  t i m e  i n t e g r a t o r  
(T-second i n t e g r a t i o n  t i m e )  to form two ene rgy  measures  

r e s p e c t  to a t h r e s h o l d  ( t h e  t h r e s h o l d  v a l u e  b e i n g  t a k e n  as ze ro  
if t h e  a p r i o r i  p r o b a b i l i t y  o f  mark and s p a c e  t r a n s m i s s i o n  are 
e q u a l ) ,  and a d e c i s i o n  i s  made as to t h e  t r a n s m i t t e d  b i t  i n f o r -  
ma t ion .  

The r e c e i v e d  s i g n a l ,  

x l ( t )  2 and x 2 ( t ) .  2 The d i f f e r e n c e  x l ( t )  2 - x 2 ( t )  2 i s  compared w i t h  

* A s  p roposed  f o r  such  m i s s i o n s  as Voyager,  t h e r e  w i l l  be  
l i t t l e  a n t e n n a  d i r e c t i v i t y  g a i n  between the  s p a c e c r a f t  and t h e  
l a n d i n g  c r a f t .  T h e r e f o r e ,  t h e  r e f l e c t e d  s i g n a l  i s  s i g 2 i f i c a n t  
and  must be  accounted  f o r .  
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The a u t h o r  has completed a p r i o r  paper  i n  which such  
parameters as t h e  d e t e c t i o n  b a n d w i d t h , r a t e  o f  fade,  d e p t h  of  
fade,  r e f l e c t e d  p a t h  d e l a y  dopp le r  and compos i t ion  of  t h e  m u l t i -  
p a t h  were s t u d i e d .  (4) I n  r e f e r e n c e  ( 4 )  a se t  o f  p a r a m e t r i c  
c u r v e s  were produced which d e s c r i b e s  t h e  per formance  o f  t h e  
wideband FSK s y s t e m  as t h e  s e v e r a l  parameters are  v a r i e d  o v e r  
t h e i r  p o s s i b l e  r a n g e s .  The se t  of  per formance  c u r v e s  a re  q u i t e  
e x t e n s i v e  s i n c e  t h e  problem does  n o t  l e n d  i t s e l f  t o  any s imple  
o v e r a l l  c o n c l u s i o n .  I n  t h i s  p a p e r  t h e  work i s  ex tended  by 
s t u d y i n g  how and i f  d i v e r s i t y  t e c h n i q u e s  can be used t o  r educe  
t h e  e f f e c t s  of  t h e  f a d i n g .  By a d i v e r s i t y  t e c h n i q u e  we mean 
a r e d u n d a n t  t r a n s m i s s i o n  t echn ique  i n  which t h e  s e v e r a l  repea ts  
of t h e  t r a n s m i t t e d  i n f o r m a t i o n  are f a d i n g  independen t  of  one 
a n o t h e r .  The redundant  messages may f o r  example be t r a n s m i t t e d  
o v e r  separate f r equency  c h a n n e l s , r e p e a t e d  i n  t i m e ,  t r a n s m i t t e d  
b y  more t h a n  one a n t e n n a  s e p a r a t e d  i n  s p a c e ,  e t c .  The number 
of  such r e p e t i t i o n s  i s  de f ined  as t h e  o r d e r  o f  t h e  d i v e r s i t y .  An 
FSK wideband r e c e i v e r  w i t h  D r edundan t ,  b u t  i ndependen t ,  f r equency  
subchanne l s ,  i s  shown i n  F i g u r e  1 - 2 .  A s  can  be  s e e n  from t h i s  

f i g u r e  t h e  compared energy  measures x , ( t >  and x , ( t )  a re  g i v e n  2 2 

There 
The f i r s t  model 

D 

i=1 

are two channel  models which w i l l  be s t u d i e d .  
assumes tha t  t h e  delay of  t h e  r e f l e c t e d  s i g n a l  

(due  t o  i t s  l o n g e r  p a t h  l e n g t h )  r e l a t i v e  t o  t h e  data  b i t  i s  small 
s o  t h a t  e x c e p t  for producing  a phase v a r i a t i o n  such  a d e l a y  can  
be i g n o r e d .  T h i s  model i s  a p p l i c a b l e  f o r  t h e  f i n a l  p o r t i o n  o f  
t h e  c a p s u l e ' s  d e s c e n t  t o  Mars. The second model assumes t h i s  
d e l a y  r e l a t i v e  t o  t h e  data r a t e  i s  grea te r  t h a n  one b i t  s o  t h a t  
i t  i s  r e a s o n a b l e  t o  assume t h e  d i r e c t  and r e f l e c t e d  p a t h  t r a n s -  
m i s s i o n s  are u n c o r r e l a t e d .  T h i s  model i s  v a l i d  d u r i n g  t h e  
i n i t i a l  p o r t i o n  o f  t he  c a p s u l e ' s  d e s c e n t .  

E v a l u a t i o n  o f  t h e  performance f o r  b o t h  channe l s  bounds 
t h e  per formance  of t h e  r e a l  channel  f o r  t he  t o t a l  t i m e  t ha t  t h e  
r e l a y  i s  i n  o p e r a t i o n .  
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1 . 2  C o r r e l a t e d  D i r e c t  and R e f l e c t e d  P a t h  Transmiss ion  - D 
Independent  Frequency D i v e r s i t y  Subchannels* (Negl ig ib 'y  
small d e l a y  between d i r e c t  and r e f l e c t e d  p a t h  t r a n s m i s s i o n s . )  

We assume t h a t  t h e  t r a n s m i t t e d  s i g n a l  i s  g i v e n  by  

where 0 i s  a n  independent  un i fo rmly  d i s t r i b u t e d  random v a r i a b l e ,  

k i s  a c o n s t a n t  e q u a l  t o  t h e  r e c i p r o c a l  o f  t h e  p r o p a g a t i o n  loss 
f a c t o r ,  and w ( j  = 1 , 2 , 3 , . .  . , M I  d e s c r i b e s  a random b i n a r y  j i  
p a t t e r n  comprised o f  b i t s  o f  d u r a t i o n  T.  
subchanne l s  used  i s  D and E i s  t h e  r e c e i v e d  s i g n a l  energy p e r  b i t .  

t r a n s m i s s i o n  o f f  t h e  s u r f a c e  o f  Mars, t o g e t h e r  w i t h  a d d i t i v e  
g a u s s i a n  n o i s e  a t  t h e  s p a c e c r a f t  r e c e i v e r ,  s o  t h a t  i t  can  b e  
descr ibed by 

j i  

The number of d i v e r s i t y  

The  r e c e i v e d  s i g n a l  z ( t )  i s  d i s t o r t e d  by a r e f l e c t e d  

- 

* R e s u l t s  w i l l  be a p p l i c a b l e  t o  a wideband FSK s y s t e m  w i t h  
D d i v e r s i t y  subchanne l s  independent  o f  how t h i s  d i v e r s i t y  i s  
o b t a i n e d  . 



5 

t 

p u, 
0 

A 
w 
0 sz 
n 

I 

r*I 
I 

W 

- 



BELLCOMM. INC. - 6 -  

where: A w  

d i v e r s i t y  subchannel .  
i s  t h e  d o p p l e r  s h i f t  on t h e  d i r e c t  p a t h  i n  t h e  i- t h  d i  

i s  t h e  dopp le r  s h i f t  on t h e  s p e c u l a r  component 
t h  **ri 

o f  t h e  r e f l e c t i o n  i n  t h e  i- d i v e r s i t y  subchannel .  

p i s  t h e  r e f l e c t i o n  c o e f f i c i e n t  o f  t h e  s p e c u l a r  
component o f  t h e  r e f l e c t i o n  and  i s  r e l a t ed  t o  t h e  t o t a l  a v e r a g e  
r e f l e c t e d  power 5 by 2 

2 c 2  = p 2  + 2 6  

where b 2  i s  t h e  ave rage  power i n  each  o f  t h e  q u a d r a t u r e  components 
o f  the  d i f f u s e  p o r t i o n  o f  t h e  r e f l e c t i o n .  

are  independen t  g a u s s i a n  random p r o c e s s e s  and are t h e  q u a d r a t u r e  
components of a s i g n a l  which c h a r a c t e r i z e  t h e  d i f f u s e  p o r t i o n  of 
the r e f l e c t i o n  i n  t h e  i- d i v e r s i t y  subchannel .  These g a u s s i a n  
p r o c e s s e s  are o b t a i n e d  from assuming a ve ry  l a r g e  number of 
n e a r l y  independent  r e f l e c t i o n s  from t h e  s u r f a c e  which are a g a i n  
n e a r l y  i d e n t i c a l l y  d i s t r i b u t e d  so  t h a t  t he  c e n t r a l  l i m i t  theorem 
can be a p p l i e d  t o  t h e  composi te  r e f l e c t e d  s i g n a l .  

q u a d r a t u r e  components o f  t h e  a d d i t i v e  thermal n o i s e  found a t  t h e  
r e c e i v e r  i n  t h e  i- d i v e r s i t y  c h a n n e l .  

t h  

N l i ( t )  and 
(t) are a l s o  g a u s s i a n  random v a r i a b l e s  and r e p r e s e n t  t h e  N 2 i  

t h  

Ijo5ice t h a t  we have assumed t h a t  t h e  r e f l e c t e d  s i g n a l s  
i n  t h e  s e v e r a l  d i v e r s i t y  subchanne l s  c a n  b e  c h a r a c t e r i z e d  as 
independen t  b u t  i d e n t i c a l l y  d i s t r i b u t e d  random p r o c e s s e s .  

1 . 3  U n c o r r e l a t e d  D i r e c t  and R e f l e c t e d  P a t h  T ransmiss ions  ( D e l a y  
between d i r e c t  and r e f l e c t e d  p a t h  t r a n s m i s s i o n s  g rea t e r  
t h a n  a t r a n s m i s s i o n  b i t  i n t e r v a l . )  

T h i s  channel  model d i f f e r s  from t h e  p r e v i o u s  one on ly  
i n  t h e  c h a r a c t e r i z a t i o n  o f  t h e  m u l t i p a t h  s i g n a l ,  r ( t ) .  The 
d e s c r i p t i o n  of r ( t )  f o r  a FSK modula t ion  i s  g i v e n  i n  t he  f o l l o w i n g :  
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where 

j = 1,2; k = 1,2; R = 1 , 2 ;  

p ( j = l )  = p ( j = 2 )  = p ( k = l  = p ( k = 2 )  = p ( l = l )  = p ( k = 2 )  = 1 / 2  

and y are independen t  b u t  i d e n t i c a l l y  d i s t r i p u t e d  as a l i .  yli 21 
Over a b i t  i n t e r v a l ,  t h e  wave forms V ( t )  , v, ( t )  and 

v 2 ( t )  have t h e  f o l l o w i n g  c h a r a c t e r i z a t i o n s .  - 

I 
1 

I 
i i 1 +-------- !r---.-- t 
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and where T i s  independent  and un i fo rmly  d i s t r i b u t e d  such  t h a t  

What w e  have done i s  t o  assume t h e  d e l a y  of  t h e  
r e f l e c t e d  p a t h  r e l a t i v e  t o  t h e  data r a t e  w i l l  be  such  t h a t  
t h e  d i r e c t  p a t h  r e c e p t i o n  of s a y ,  t h e  j- t h  b i t  o f  i n f o r m a t i o n ,  

w i l l  be r e c e i v e d  a t  t h e  same t i m e  as t h e  k- b i t  i s  be ing  
r e c e i v e d  from t h e  r e f l e c t e d  p a t h ?  However, s i n c e  t h e  d e l a y  
between pa ths  w i l l  be v a r i a b l e ,  t h e  b i t  r e c e p t i o n  from t h e  two 
p a t h s  w i l l  n o t  be synchronous.  T h e r e f o r e ,  p o r t i o n s  o f  two b i t s ,  
k and  1, w i l l  be  r e c e i v e d  d u r i n g  the  T t i m e  i n t e r v a l  t h a t  i t  
takes  t o  d e t e c t  b i t  j .  The f r a c t i o n  of  t i m e  t h a t  k i s  i n t e r -  
f e r i n g  w i t h  t h e  r e c e p t i o n  o f  j i s  a n  unknown v a r i a b l e ,  s o  w e  
have used  t h e  v a r i a b l e  'I, t o  d e s c r i b e  t h i s  randomness.  I n  
a d d i t i o n ,  s i n c e  w e  are t r a n s m i t t i n g  FSK and s i n c e  w e  assume j ,  
k ,  and 1 are independen t ,  some o f  t h e  t i m e  t h e  energy  from k 
and 1 w i l l  f a l l  i n  t h e  same f i l t e r  band as j c a u s i n g  f a d i n g  
w h i l e  a t  o t h e r  t imes t h e  r e f l e c t i o n  w i l l  i n c r e a s e  t h e  amount o f  
n o i s e  f a l l i n g  t h e  t h e  no-s igna l  f i l t e r  band i n c r e a s i n g  t h e  prob- 
a b i l i t y  of f a l s e  d e t e c t i o n .  T h i s  randomness i s  accounted  f o r  
b y  t h e  p a r a m e t e r s  v , ( t )  and v , ( t ) .  

1 . 4  O r g a n i z a t i o n  

t h  

A g r a p h i c a l  p r e s e n t a t i o n  o f  computed per formance  cu rves  
o b t a i n e d  from the  d e r i v a t i o n s  g i v e n  i n  Appendix A i s  t h e  s u b j e c t  
o f  s e c t i o n  2 .  The o v e r a l l  c o n c l u s i o n s  based on t h e  p r e v i o u s  
s e c t i o n s  are g i v e n  i n  s e c t i o n  3. S i n c e  these  i n  e f f e c t  ex tend  
t h o s e  o b t a i n e d  i n  Refe rence  4 t h e  c o n c l u s i o n s  from t h i s  r e f e r -  
enced  paper  are g i v e n  i n  Appendix B.  

* 
The j ,  k ,  and 1 n o t a t i o n  does n o t  s t a n d  f o r  a sequence 

o f  t h ree  s u c c e s s i v e  b i t s .  The n o t a t i o n  mere ly  conforms t o  t h e  
l a b e l i n g  o f  t h e  d i f f e r e n t  b i t s  as d e s c r i b e d  by e q u a t i o n  3 .  
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2.0  DIVERSITY PERFORMANCE OF THE WIDEBAND FSK RECEIVER 

I n  t h i s  s e c t i o n ,  performance c u r v e s  a r e  p r e s e n t e d  
which are  computed from t h e  formulas  d e r i v e d  i n  Appendix A .  
S e c t i o n  2 . 1  d e s c r i b e p  t h e  d i v e r s i t y  per formance  of  t h e  optimum 
non-coherent  FSK r e c e i v e r  ( B T = l )  i n  a s low f a d i n g  2 p a t h / m u l t i -  
p a t h  channe l  f o r  bo th  c o r r e l a t e d  and u n c o r r e l a t e d  r e f l e c t i o n s  
( s h o r t  and l o n g  d e l a y s  between t h e  d i r e c t  and r e f l e c t e d  p a t h  
t r a n s m i s s i o n s ) .  The performance o f  t h e  wideband FSK r e c e i v e r  
( B T > l )  i n  t h e  s low f a d i n g  2 p a t h / m u l t i p a t h  channe l  i s  t h e  sub- 
j e c t  o f  s e c t i o n  2 . 2 ,  w h i l e  t h e  e f f e c t s  o f  changing fade p a t t e r n s  
o c c u r r i n g  w i t h i n  a t r a n s m i s s i o n  b i t  i n t e r v a l  are  stllctied i n  
s e c t i o n  2.3.  

Two b i t  e r r o r  r a t e s  a r e  d e f i n e d  when d i s c u s s i n g  e r r o r s  
a r i s i n g  from u r c o r r e l a t e d  r e f l e c t i o n s .  
g e n e r a t e d  when b o t h  t h e  r e f l e c t e d  and d i r e c t  p a t h  t r a n s m i s s i o n s  
are r e c e i v e d  i n  t h e  same m a r k  or s p a c e  subchannel  o f  t h e  FSK 
r e c e i v e r .  Such e r r o r s  l e a d  t o  a P , ( e )  b i t  e r r o r  r a t e .  
e r r o r  ar ises  when t h e  r e f l e c t e d  and d i r e c t  p a t h  t r a n s m i s s i o n s  
s i m u l t a n e o u s l y  appear i n  s e p a r a t e  subchanne l s  o f  t h e  FSK r e c e i v e r .  
P 2 ( e )  i s  t h e  b i t  e r r o r  ra te  g e n e r a t e d  by such e r r o r s .  
s e l e c t i n g  m a x ( P l ( e ) ,  P 2 ( e ) > ,  t h e  wors t  c a s e  bound f o r  u n c o r r e l a t e d  
r e f l e c t i o n  ( n o  d e l a y )  e r r o r  r a t e  can  b e  de t e rmined  and ,  i n  addi -  
t i o n ,  P ( e )  can a l s o  be i n t e r p r e t e d  as t h e  c o r r e l a t e d  ( l o n g  d e l a y )  

e r r o r  r a t e  (as h a s  been shown i n  Appendix A ) .  I n  t h e  s e v e r a l  sub- 
s e c t i o n s  to fo l low P l ( e )  and P 2 ( e )  are  s t u d i e d  t o  see how t h e  

s i g n i f i c a n t  s y s t e m  p a r a m e t e r s  a f f e c t  t h e  s y s t e m  performance i n  
t h i s  2 p a t h / m u l t i p a t h  channel .  

Type  one e r r o r s  a r e  

A t y p e  2 

By 

1 

2 . 1  D i v e r s i t y  Performance o f  t h e  Optimum Non-Coherent FSK 
R e c e i v e r  i n  a Slow Fading Channel ( B T = l )  

Although the  optimum non-coherent  FSK r e c e i v e r  i s  n o t  
t h e  p r i m a r y  conce rn  o f  t h i s  paper  i t  i s  u s e f u l  t o  s t u d y  f o r  t h e  
f o l l o w i n g  r e a s o n s .  The mathemat ica l  s o l u t i o n  i s  t h e  d e g e n e r a t e  
c a s e  o f  t h e  wideband FSK s o l u t i o n  and as such i s  much s i m p l e r .  
T h e r e f o r e ,  programming and computer t l m e  i s  l e s s  expens ive .  
N e a r l y  a l l  o f  t h e  s i g n i f i c a n t  parameters can  be s t u d i e d  and 
g e n e r a l i z e d  c o n c l u s i o n s  o b t a i n e d  which h o l d  t r u e  even f o r  v a l u e s  
of  BT>1.  

To d e t e r m i n e  P , ( e )  e q u a t i o n s  A-16 and A-19 were 
programmed f o r  BT=1  and i n  a d d i t i o n  e q u a t i o n s  A-26 and A-28 
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were programmed t o  o b t a i n  P 2 ( e ) . *  
g e n e r a t e  t h e  g r a p h i c a l  r e s u l t s  p r e s e n t e d  i n  F i g u r e  2-1 t h rough  
F i g u r e  2-6. A s  can  b e  s e e n  from t h e  g r a p h s ,  a r ange  of  v a l u e s  
of t o t a l  ave rage  r e f l e c t e d  power  a r e  g i v e n  and f o r  each  t h e  

2 2  c a s e s  o f  t o t a l l y  d i f f u s e  (p2=O)  and t o t a l l y  s p e c u l a r  ( p  = c  ) 
r e f l e c t i o n s  are  p r e s e n t e d .  The g r a p h s  demons t r a t e  t h a t  when 
t y p e  one e r r o r s  a r e  caused  by t o t a l l y  s p e c u l a r  r e f l e c t i o n s ,  
d i v e r s i t y  t e c h n i q u e s  can  be used  t o  improve per formance .  
d e g r e e  of  improvement i s  dependent  upon t h e  amount of  power 
i n  t h e  r e f l e c t i o n .  
does  t h e  d i v e r s i t y  improvement. 
e r r o r  r a t e  due t o  t y p e  two e r r o r s  g e n e r a t e d  by s p e c u l a r  r e f l e c -  
t i o n s  i s  n o t  h e l p e d  b y  d i v e r s i t y  t e c h n i q u e s .  I n  f a c t ,  t h e  
e r r o r  r a t e  i s  seen  t o  i n c r e a s e  as t h e  degree  of  d i v e r s i t y  i n c r e a s e s .  

When t h e  r e f l e c t i o n  i s  d i f f u s e  ( p 2 = O ) ,  d i v e r s i t y  
t e c h n i q u e s  are s e e n  t o  s i g n i f i c a n t l y  improve per formance  inde-  
pendent  of  t y p e  o f  e r r o r  (1 o r  2 ) .  I n  comparing t y p e  1 e r ro r s  
w i t h  t h o s e  of t y p e  2 ,  
h i g h e r  e r r o r  r a t e s  f o r  a g iven  r e c e i v e d  s i g n a l  t o  n c i s e  r a t i o .  
I n  a d d i t i o n ,  w e  n o t e  that  n e a r l y  a l l  of t h e  t ime  a t o t a l l y  
d i f f u s e  r e f l e c t i o n  c a u s e s  g r e a t e r  e r r o r  r a t e s  t h a n  a t o t a l l y  
s p e c u l a r  r e f l e c t i o n  of  t h e  same average  power and t h e  same 
d e g r e e  o f  d i v e r s i t y .  

These e q u a t i o n s  were ueed t o  

The 

Thus ,  a s  t h e  r e f l e c t e d  power i n c r e a s e s ,  s o  
On t h e  o t h e r  hand,  t h e  P 2 ( e )  

it can b e  seen  t h a t  t h e  l a t t e r  g e n e r a t e  

T o  i l l u s t r a t e  t h e  u s e  of t h e  c u r v e s  w e  h y p o t h e s i z e  
t h e  f o l l o w i n g  s i t u a t i o n .  
p r o b e s  i n i t i a l  phase of  i t s  descen t  tllat t h e  r e l a t i v e  r e f l e c t i o n  
power i s  .05 and t h e  f a d e  r a t e  i s  slow. On t h e  f i n a l  phase  o f  
t h e  d e s c e n t ,  t h e  fade r a t e  i s  s t i l l  t a k e n  t o  be  slow b u t ,  s i n c e  
t h e  p a t h  l e n g t h  of  t h e  r e f l e c t i o n  wave i s  n e a r l y  t h a t  of t h e  
d i r e c t  p a t h  t o g e t h e r  w i t h  t h e  knowledge t h a t  t h e  r e f l e c t i n g  sur- 
f a c e  g e t s  smaller as t h e  probe n e a r s  i t s  d e s t i n a t i o n ,  t h e  r e l a -  
t i v e  r e f l e c t e d  power i s  e s t i m a t e d  t o  b e  .l. We assume t h a t  
when c 2  i s  t a k e n  t o  be .05  t h e  r e f l e c t i v e  p a t h  d e l a y  i s  very 
l o n g  w h i l e  d u r i n g  t h e  f i n a l  phase  of t h e  p robes  descen t  t h e  
d e l a y  i s  n e g l i g i b l e .  I n  a d d i t i o n ,  t h e  BT p roduc t  d e s i g n  i s  
t a k e n  t o  b e  1 w h i l e  t h e  maximum a l l o w a b l e  b i t  e r r o r  r a t e  i s  

It i s  e s t i m a t e d  t h a t  on t h e  l a n d i n g  

*The r e c e i v e r  d e s c r i b e d  i n  F i g u r e  1-2 does  not  r educe  t o  
t h e  optimum r e c e i v e r .  However, t h e  ma themat i c s  i s  n o t  bounded 
i n  t h i s  manner. Thus ,  t h e  r e s u l t s  f o r  t h i s  paper  i n  t h e  degen- 
e ra te  c a s e  of  BT=1 i s  e q u i v a l e n t  t o  t h a t  whfch i s  computed 
d i r e c t l y  f o r  t h e  optimum non-coherent  FSK r e c e i v e r .  
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loe5. 
d e s i g n  i s  r e q u i r e d . *  

Under these  c o n d i t i o n s  a n  optimum wideband FSK s y s t e m  

S i n c e  i n i t i a l l y  t h e  d e l a y  i s  l o n g ,  t h e  r e f l e c t i o n  
w i l l  be u n c o r r e l a t e d  w i t h  t h e  d i r e c t  p a t h  t r a n s m i s s i o n .  I n  
Table  2-1 w e  have  e x t r a c t e d  from F i g u r e s  2-1 and 2-2 t h e  p e r -  
t i n e n t  da ta  f o r  t h i s  p o r t i o n  o f  t h e  f l i g h t .  The f i n a l  phase with 

Table 2-1 

E/NO r equ i r emen t s  (db) f o r  a e r r o r  
2 r a t e  ( 5  =.05  B T = l ) ( U n c o r r e l a t e d  r e f l e c t i o n s )  

R e f l e c t i o n  Type  One E r r o r  Type  Two E r r o r  
Composi t ion 

D = l  2 8 D=l 2 8 

P = .05  14 .8  1 4 . 8  15 .1  1 5  15 .2  16.0 

p = o  1 6 . 1  15 .4  1 5 . 1  1 7 . 2  15 .8  1 6 . 2  2 

no de lay  between t h e  r e f l e c t e d  and d i r e c t  p a t h s  leads to 
Tab le  2-2. To o b t a i n  Table  2-2 w e  have  used F i g u r e  2-3. 

T a b l e  2-2 

E/NO r equ i r emen t s  ( d b )  f o r  a e r r o r  

r a t e  ( q 2 = .  1 BT=1)  ( C o r r e l a t e d  r e f l e c t i o n s )  

R e f l e c t  i o n  Type One E r r o r  
Composi t ion 

D = l  2 8 

15.8 15 .6  -- 2 
p = '.05 

Greater 1 6 . 4  15.5 2 
p = o  

t h a n  
19 

*We s h a l l  assume t h a t  a s t u d y  o f  t h e  j . h i t i a l  and f i n a l  s t a g e s  
o f  t h e  l a n d i n g  p r o b e ' s  f l i g h t  i s  s u f f i c i e n t  t o  de t e rmine  t h e  
optimum d e s i g n  c r i t e r i a .  T h i s  s i m p l i f i c a t i o n  m e r e l y  makes our 
example more compact wi thout  d e t r a c t i n g  from t h e  key p o i n t s  
which w e  wish t o  i l l u s t r a t e .  
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To p r o v i d e  t h e  r e q u i r e d  communications l i n k  f o r  a l l  phases  of  
t h e  p robes  d e s c e n t ,  we m u s t  d e s i g n  f o r  a g i v e n  s e l e c t e d  d i v e r s i t y  
t h e  rr,aximum (E/NO) db r equ i r emen t  i n  T a b l e  2-3. 
t h a t  t h e  optimum performance f o l l o w i n g  a sort o f  minimax c r i t e r i a  
i s  t o  use  a d i v e r s i t y  of 8.  
from a d i v e r s i t y  of  2 t o  8 i s  on ly  . 2  db w h i l e  t h a t  from 1 t o  
2 i s  s i g n i f i c a n t  and s i n c e  t h e  s i z e  and complexi ty  of  a n  8 d i v e r -  
s j t y  sys tem as opposed t o  a 2 d i v e r s i t y  s y s t e m  i s  s u b s t a n t i a l  
w e  would p r a g m a t i c a l l y  s e l ec t  a 2 d i v e r s i t y  system f o r  o u r  
optimum d e s i g n .  I n  a d d i t i o n ,  w e  n o t e  once more t h a t  i f  w e  knew 
t h a t  a s p e c u l a r  r e f l e c t i o n  2 would o c c u r ,  t h e n  from T a b l e s  
2 - 1  and 2-2, d i v e r s i t y  i s  of no h e l p  and indeed  may cause  p o o r e r  
per formance .  

It can be  s e e n  

However s i n c e  t h e  g a i n  i n  go ing  

P = 5  

Table 2-3 
“Ilnimum E/NO ( d b )  t o  s a t i s f y  n robes  missl.on 

r e q u i r e m e n t s  a s  a f u n c t i o n  of d i v e r s i t y  

D 

1 greater  t h a n  19 db 

2 16.4 

8 16.2  

2.2 Wideband FSK D i v e r s i t y  Performance i n  a Slow Fading Channel 

I n  t h i s  s e c t i o n ,  the same programs used t o  e v a l u a t e  
per formance  f o r  t h e  optimum FSK r e c e i v e r  are  used  t o  de te rmine  
t h e  per formance  of  t h e  Wideband FSK r e c e i v e r .  Thus,  t h e  r e s t r i c -  
t i o n  f o r  BT=1 i s  removed and i n  p a r t i c u l a r  BT v a l u e s  o f  5 and 1 0  
were used  i n  t h e  a c t u a l  computer r u n s .  

2 . 2 . 1  Type One Errors 

When t h e  BT product  i s  g r e a t e r  t h a n  one and f o r  t h e  
s p a c e  a p p l i c a t i o n s  of i n t e r e s t  a r e l a t i v e  d o p p l e r  v a r i a t i o n  
between t h e  r e f l e c t e d  and d i r e c t  t r a n s m i s s i o n  p a t h s  w i l l  normal ly  
e x i s t .  Thus,  i n  a d d i t i o n  t o  t h o s e  p a r a m e t e r s  s t u d i e d  i n  s e c t i o n  
2 . 1 ,  t h e  e f f e c t  o f  d o p p l e r  v a r i a t i o n  i s  c o n s i d e r e d  i n  t h i s  
s e c t i o n .  The d o p p l e r  i s  accounted f o r  by assuming t h e  d i r e c t  
p a t h  t r a n s m i s s i o n  t o  f a l l  i n  t h e  c e n t e r  of t h e  d e t e c t i o n  band- 
w i d t h  (y=O) w h i l e  t h e  r e f l e c i i o n  bandwidth v a r i e s  un i formly  
t h r o u g h o u t  t h e  band (zmax=72 f o r  BT=10).* I n  F i g u r e  2-7 t h rough  

* I n  t h o s e  g raphs  where w e  have assumed a l l  d o p p l e r  t o  be  
z e r o  w e  d e n o t e  t h i s  by z=O. The p a r a m e t e r s  z and y w e  d e f i n e d  
i n  Appendix A .  
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RATIO OF-RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
FIGURE 2-7. WIDEBAND FSK DIVERSITY PERFORMANCE FOR TYPE ONE ERRORS IN 

A SLOW 2 PATH/MULTIPAM CHANNEL 
(S2 = .O, z 0, BT = 5) 
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F I GURE 2-8. W I DEBAND FSK DI VERS I TY PERFORMANCE FOR TYPE ONE ERRORS 
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RATIO OF RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
FIGURE 2-10. WIDEBAND FSK DIVERSITY PERFORMANCE FOR TYPE ONE 

ERRORS IN A SLOW 2 PATH/MULTlPATH CHANNEL 
(I2 = . I ,  z = 54", B T =  5) 
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3-14, o u r  r e s u l t s  are  p r e s e n t e d  f o r  t h e  per formance  o f  t h e  
wideband r e c e i v e r  when t y p e  one e r r o r s  are  made. Two v a l u e s  

and f o r  e a c h ,  t h e  c a s e s  of  t o t a l l y  d i f f u s e  and t o t a l l y  s p e c u l a r  
r e f l e c t e d  s i g n a l s  are  p l o t t e d .  The c a s e  o f  no d o p p l e r  v a r i a t i o n  
i s  s t u d i e d  and one i n  which t h e  r e l a t i v e  d o p p l e r  v a r i e s  un i fo rmly  
from one extreme edge of the  d e t e c t i o n  subchannel  passband t o  
t h e  o t h e r .  

o f  v a r y i n g  r e f l e c t e d  power were used i s  2 = . O 5  and 5 2 = .1) 

I n  g e n e r a l ,  t h e  r e s u l t s  demons t r a t e  t h e  f o l l o w i n g :  
Independent  o f  t h e  BT v a l u e ,  d i v e r s i t y  n e a r l y  a l w a y s  l eads  t o  a 
g rea t e r  e r r o r  r a t e  when t h e  r e f l e c t i o n  i s  s p e c u l a r .  On t h e  o t h e r  
hand ,  t h e  e f f e c t s  of  a d i f f u s e  r e f l e c t i o n  may b e  s i g n i f i c a n t l y  
r educed  b y  i n c r e a s i n g  t h e  d i v e r s i t y .  Thus,  b y  F i g u r e  2-7, i f  

a b i t  e r r o r  r a t e  i s  des i r ed  n e a r l y  1 . 8  db i n  s i g n a l  power 
can  be saved  by u s i n g  a d i v e r s i t y  of  2 i f  t h e  r e f l e c t i o n  i s  
d i f f u s e .  On t h e  o t h e r  hand, i f  a e r r o r  r a t e  i s  r e q u i r e d  
i n c r e a s i n g  t h e  d i v e r s i t y  does n o t  lead t o  a n  improved s y s t e m  
per formance .  A i s e a l i s t i c  d e s i g n  i s  one i n  whlch t h e  d o p p l e r  
o f f s e t  i s  accounted  f o r .  It can  be s e e n  from t h e  g r a p h i c a l  
r e s u l t s  t h a t  when no t  accounted  f o r  ( z=O)  a c o n s e r v a t i v e  
d e s i g n  r e s u l t s .  T h a t  i s  p r o p e r  d e s i g n  r e s u l t s  i n  a s i g n a l  
ene rgy  s a v i n g s  which i s  g r e a t e r  t h a n  a db. F i n a l l y ,  w e  n o t e  
t h a t  as t h e  d i f f u s e  r e f l e c t i o n  power i n c r e a s e s ,  t h e  maximum 
order of d i v e r s i t y  for which 1mrovernpnt can  be r e a l i z e d  i n  
t h e  normal  communication b i t  e r r o r  r a t e  r ange  of  t o  
a l s o  i n c r e a s e s .  

Type  Two Errors 

I n  F i g u r e s  2-15 t h r o u g h  2-18, w e  have p l o t t e d  o u r  
r e s u l t s  f o r  t h e  performance o f  t h e  wideband FSK r e c e i v e r  when 
t y p e  two e r r o r s  are made. We n o t e  t h a t  t h e  o b s e r v a t i o n s  made 
f o r  t y p e  one e r r o r s  a r e  a l s o  v a l i d  for d i s c u s s i o n  i n  t h i s  
s u b s e c t i o n .  I n  a d d i t i o n ,  w e  n o t e  t h a t  t y p e  two e r r o r s  g e n e r a l l y  
cause  p o o r e r  performance t h a n  t y p e  one e r r o r s .  

2 .2  Time-Varying F a d i n g  ( C o r r e l a t e d  r e f l e c t i o n s )  

A s p e c i f i c  c a s e  of a t i m e  v a r y i n g  f a d i n g  channe l  (as 
d i s c u s s e d  i n  Appendix 2 )  i n  whlch the  e f f e c t i v e  bandwidth of 
t h e  d i f f u s e  r e f l e c t i o n  i s  e q u a l  t o  t h e  i n f o r m a t i o n  bandwidth 
and whose spectrum shape i s  w h i t e  was assumed. Two approaches  
were t a k e n  t o  de t e rmine  t h e  b i t  e r r o r  r a t e .  A c h i  s q u a r e  
approx ima t ion  which r e s u l t s  i n  e q u a t i o n  A-21 and a Karhumen- 
Loweve expans ion  o f  t h e  a , ( t >  parameters which leads  t o  
e q u a t i o n  A-22.  Both e q u a t i o n  A-21 and e q u a t i o n  A-22 were 
programmed. 
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I t  can be  s e e n  from e q u a t i o n  A-22 t h a t  t h e  e i g e n v a l u e s  
i- T 

4 i ( t ) d t  = vi 
h i  and t h e  i n t e g r a l  o f  t h e  e i g e n  f u n c t i o n s  - 1 1  

are r e q u i r e d .  I n  g e n e r a l ,  t h e r e  a re  a n  i n f i n i t e  number o f  
e i g e n v a l u e s  and V i ' s  t o  c o n s i d e r .  
T a b l e s  A - 1  and A-2, t h e l r  v a l u e s  d e c r e a s e  r a p i d l y .  Usjng t h e  
f i r s t  f o u r  Vi,  s o l u t i o n s  were compared ( f o r  a v a r i e t y  o f  v a r i a -  
t i o n s  on t h e  e s s e n t i a l  parameters) where,  t h e  f i r s t  f o u r  e igcn -  
v a l u e s  were used  w i t h  t ha t  i n  which t h e  f i r s t  n i n e  were used .  
I n  a l l  c a s e s  t e s t e d ,  t h e  r e s u l t s  were e s s e n t i a l l y  i d e n t i c a l  and 
i t  was concluded t h a t  w e  could  t h u s  assume t h a t  w e  had f o u r  non 
z e r o  e i g e n v a l u e s .  A s  d i s c u s s e d  i n  r e f e r e n c e  4 ,  on ly  t h e  f i r s t  
f o u r  Vi v a l u e s  c o u l d  e a s i l y  be de te rmined  ( i t  was found t h a t  f o r  
i even Vi = 0 ) .  

programmed r u n  i n  which V .  ( i 4 1 )  were s e t  e q u a l  t o  z e r o  was com- 
pared w i t h  r e s u l t s  ob ta inhd  i n  which t h e  c o r r e c t  v a l u e s  f o r  V1 

and V were used .  The r e s u l t s  o f  t h i s  comparison a re  demonst ra ted  
i n  F i g u r e  2-19. 

However a s  can  be  s e e n  b y  

To de te rmine  t h e  s i g n i f i c a n c e  o f  t h e  Vi ,  a 

3 

It can  be s e e n  t h a t  l e s s  t h a n  a .I db e r r o r  i s  made 
when s e t t i n g  V3 = 0 .  

i m p l y  t o g e t h e r  w i t h  t h e  d e c r e a s i n g  v a l u e s  of t h e  h i g h e r  o r d e r  
e i g e n v a l u e s  t ha t  l i t t l e  i s  l o s t  i n  s e t t i n g  t h e  remainder  o f  t h e  
vi (i>3) e q u a l  t o  z e r o .  

A-22 are i l l u s t r a t e d  i n  F i g u r e s  2-20 t o  2-23. The b i t  e r r o r  
i s  p l o t t e d  f o r  v a l u e s  o f  BT = 1 0 ,  2 0 ,  and 30. The two v a l u e s  
o f  ave rage  r e f l e c t e d  power were c 2  = .05  and c 2  = .1 and f o r  
each  two cases were run .  I n  t h e  f i r s t ,  t h e  s p e c u l a r  component 
was se t  e q u a l  t o  z e r o  ( p 2 = 0 )  w h i l e  i n  t h e  second t h e  a v e r a g e  
s p e c u l a r  power was s e t  equa l  t o  t h e  ave rage  d i f f u s e  power 

Although t h i s  i s  no r i g o r o u s  p r o o f ,  i t  does  

The r e s u l t s  of o u r  programming e q u a t i o n s  A-21 and 

2 ( P 2  = 2 6  1. 

I n  a l l  c a s e s ,  i t  was found tha t  when u s i n g  t h e  Karhunen- 
Loweve expans ion ,  performance was worsened as t h e  d i v e r s i t y  
i n c r e a s e d .  On t h e  o t h e r  hand, t h e  use  of  t h e  ch i - squa re  approx i -  
m a t i o n  l e d  t o  j u s t  t h e  o p p o s i t e  c o n c l u s i o n .  

S i n c e  t h e  K-L expans ion  was t h e  more r i g o r o u s  approach  
w e  conc lude  t ha t  when the  f a d i n g  i s  n o t  s low,  d i v e r s i t y  i s  o f  
l i t t l e  h e l p  i n  improving performance.  I n  a d d i t i o n ,  t h i s  s e c t i o n  
pair-ts up t h e  dange r s  of  u s i n g  c r u d e  approximates  t o  a r r i v e  a t  
mean ingfu l  r e s u l t s .  
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RATIO OF RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
WIDEBAND FSK DIVERSITY PERFORMANCE FOR TYPE TWO ERRORS 
I N  A SLOW 2 PATH/MJLTIPATH CHANNEL 
(3  * = .05, Z = 0, BT = lIO) 

FIGURE 2-17, 



. 

. 

- 32 - 

RATIO OF RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
FIGURE 2-1 8. W I DEBAND FSK DIVERS I TY PERFORMANCE FOR TYPE TWO ERRORS 

I N  A SLOW 2 PATH/MULTIPATH CHANNEL 
( [ 2  = , I ,  z = 0, BT IO) 
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RATIO OF-RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
FIGURE 2-19. RESULTS USING THE KARHUNEN-LOEVE EXPANSION WHEN THE 

FADING I S  NOT SLOW AND THE V i  PARAMETERS FOR i # I 
ARE SET EQUAL TO ZERO. 
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RATIO OF RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
FIGURE 2-20. DIVERSITY PERFORMANCE OF THE WIDEBAND FSK RECEIVING 

WHEN THE FADE RATE I S  NOT SLOW 
(12 = .05, p2 = 0) 
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RATIO OF RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
FIGURE 2-21. DIVERSITY PERFORMANCE OF THE WIDE BAND FSK RECEIVER WHEN THE 

(12  = .I, p2 = 0) 
FADE RATE I S  NOT SLOW 
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RATIO OF RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) d b  

FIGURE 2-22. DIVERSITY PERFORMANCE OF THE WIDEBAND FSK RECEIVING 
WHEN THE FADE RATE I S  NOT SLOW 
( g 2  = -05, p2 = 2p2) 
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RATIO OF RECEIVED SIGNAL ENERGY TO NOISE SPECTRAL DENSITY (E/N,) db 
FIGURE 2-23. DIVERSITY PERFORMANCE OF THE WIDEBAND FSK RECEIVER 

WHEN THE FADE RATE IS NOW SLOW 
( t 2  = .05, p2  = 2 p 2 )  
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C O N C L U S I O N S  

T h i s  p a p e r  demons t r a t e s  once more t he  impor tance  o f  
p r o p e r l y  d e s c r i b i n g  t h e  m u l t i p a t h  found i n  a r e l a y  space l i n k .  
It i s  shown t h a t  d i v e r s i t y  improvement depends upon t h e  compo- 
s i t i o n  of t h e  r e f l e c t i o n  t o g e t h e r  w i t h  t h e  fade r a t e .  Indeed ,  
it i s  shown t h a t  s p e c u l a r  r e f l e c t i o n s  n e a r l y  a l w a y s  lead to 
sys tem d e g r a d a t i o n  i n  performance when t h e  s y s t e m  u s e s  d i v e r s i t y  
w h i l e  t h e  e f f e c t s  of  d i f f u s e  r e f l e c t i o n s  c a n  be s i g n i f i c a n t l y  
r educed  f o r  most c a s e s  wi th  t h e  u s e  o f  d i v e r s i t y .  

More s p e c i f i c a l l y ,  w e  have g e n e r a t e d  programs which 
can  be used  f o r  any space r e l a y  l i n k  which has a two-path/ 
m u l t i p a t h  problem to p r e d i c t  s y s t e m  per formance .  Such pre-  
d i c t i o n s  can  i n  t u r n  be used to de te rmine  sys t em s i z i n g  
r e q u i r e m e n t s .  

I n  a d d i t i o n  t h e  graphs g i v e n  I n  s e c t i o n  2 have been  
p l o t t e d  f o r  a wide r ange  o f  parameters o f  i n t e r e s t  and i l l u s -  
t r a t e  more s p e c i f i c a l l y  t he  e f f e c t  o f  u s i n g  d i v e r s i t y  t e c h n i q u e s .  
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APPENDIX A -- 

A . 0  DERIVATION OF CHANNEL PERFORMANCE METRICS D DIVERSITY 
WIDEBAND FSK 

A . l  C o r r e l a t e d  D i r e c t  and R e f l e c t e d  T r a n s m i s s i o n  FSK Modu la t ion  

Case 1 Slow Fading  

where 

i c  C1,2,’  ,D) 

It has been  shown t h a t  t h e  energy  measures  x: and 
x 2  f o r  l a r g e  BT* p r o d u c t s  c a n  b e  d e s c r i b e d  c o n d i t i o n a l l y  as 

and e >  each  w i t h  2BT d e g r e e s  c h i - s q u a r e  v a r i a t e s  (g iven  al, 
o f  freedom. S i m i l a r l y ,  s i n c e  each  o f  t h e  d i v e r s i t y  subchanne l s  
can  be c o n s i d e r e d  as a no d i v e r s i t y  system t h e  x:i and x:i can  
a l s o  be  d e s c r i b e d  c o n d i t i o n a l l y  as c h i - s q u a r e  v a r i a t e s  ( g i v e n  
{a1), {a2}, and { e ) ) * *  each w i t h  2BT degrees o f  f reedom. 

i s  a d d i t i o n a l l y  necessa ry  to g i v e  t h e  more g e n e r a l i z e d  D d i v e r s i t y  
s o l u t i o n .  
manner.  

2 

“2 4 

T h e r e f o r e  i n  t h i s  paper  w e  w i l l  on ly  d e r i v e  tha t  which 

Thus we may write t h e  x:i v a r i a t e  i n  t he  f o l l o w i n g  

where 

*BT i s  t h e  p roduc t  of t h e  rf d e t e c t i o n  bandwidth ( Q )  and t h e  
i n f o r m a t i o n  b i t  d u r a t i o n  ( T I .  

v a r i a b l e s  U1 u2 ... . **The n o t a t i o n  {U) i s  used  t o  d e f i n e  t h e  s e t  of  random 
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n5 2 - 1  - - r T  L I n l i j  +G A s i n c  y i  cos  ( 2 y i j  + ei - yi) 
j =1 

A s i n c  z c o s  ( 2 z i j  - z i )  + “li i 6 + (P 

11 s i n c  zi s i n  ( 2 z i j  - zi) J L 

“ 2 i 6  

BT r 

E is the total r e c e i v e d  energy of the d i r e c t  path transmission 

(A-3) 
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k (e.) = 1 t "21  "li 
li 1 

2 ( A - 5 )  1 
k2i (e i>  = s i n  c yi 

s i n  BT(yi-zi) 
t 2 s i n  yi s i n c  zi [p +$I BT s in (y i - z i )  C O S  ( B T ( ~ ~ - z ~ ) + ~ ~ )  

s i n  B T ( Y ~ - z ~ )  
+ 2 s i n c  yi s i n c  z i E] A BT s in (y i - z i )  C O S  ( B T ( Y ~ - z ~ ) + B ~ )  

We w i l l  assume t h a t  t h e  d o p p l e r  v a r i a t i o n s  on t h e  
s e v e r a l  d i v e r s i t y  p a t h s  a r e  a l l  i d e n t i c a l  s o  t h a t  

Y i  = Y 

z = z  i 

and 
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S i n c e  t h e  x f i  v a r i a t e s  a r e  i n d e p e n d e n t ,  x: i s  
c o n d i t i o n a l l y  ( g i v e n  { a l l ,  { a 2 } ,  and ( € 1 1 )  a g e n e r a l i z e d  non- 
c e n t r a l  c h i - s q u a r e  v a r i a t e %  w i t h  2DBT d e g r e e s  of  freedom and 
can  be w r i t t e n  as 

D D 

( A - 6 )  2 = -  * E  1 k ( e . )  + v i  '1 D 3 1  L.. 1 

i=i i=i 

S i m i l a r l y  x: i s  a ch i - squa re  v a r i a t e  w i t h  2DBT d e g r e e s  of  
f reedom and i s  g i v e n  by  

D 
2 

x 2  = 1 x g i  
i=i 

The c o n d i t i o n a l  p r o b a b i l i t y  o f  e r r o r  can t h e r e f o r e  
be w r i t t e n  as 

S i n c e  x : / x z  i s  a g e n e r a l i z e d  one s ided  n o n - c e n t r a l  F 
v a r i a t e ,  w e  can  u s e  t h e  r e s u l t s  o f  Appendix A o f  Re fe rence  4 t o  
w r i t e  t he  c o n d i t i o n a l  b i t  e r r o r  r a t e  as 

*A g e n e r a l i z e d  n o n - c e n t r a l  ch i - squa re  v a r i a t e  i s  d e f i n e d  as 
a n o n - c e n t r a l  ch i - squa re  var ia te  p l u s  a c o n s t a n t .  
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S e v e r a l  s p e c i a l  c a s e s  are of i n t e r e s t  

1. No M u l t i p a t h  

When no m u l t i p a t h  e x i s t s  

k l ( e i )  = 1 

k ( e  ) = s i n c  2 y 
2 i  

s o  t h a t  

D 
k 2 ( e i )  = D s i n c  2 y 

i=i 
( A - 1 0 )  

I n s e r t i n g  e q u a t i o n s  (A-91, and (A-10)  i n t o  e q u a t i o n  
( A - 8 )  w e  see t h a t  performance ge t s  worse as D i n c r e a s e s  as expec ted .*  
(Note  t h a t  i n  t h i s  c a s e  t h e  c o n d i t i o n a l  b i t  e r r o r  p r o b a b i l i t y  i s  
e q u a l  t o  t h e  b i t  e r r o r  p r o b a b i l i t y .  ) 

2 .  M u l t i p a t h  - Specu la r  R e f l e c t i o n  Only 

I n  t h i s  s e c t i o n  we w i l l  o b t a i n  t h e  ave rage  b i t  e r ro r  
p r o b a b i l i t y  when t h e r e  i s  no d i f f u s e  component t o  t h e  r e f l e c t i o n .  
The sumed k ( e  ) paramete r s  w i t h  Ej=1,2) are  g i v e n  by 3 i  

D 

i=i 

D 
k2(e i )  = ( s i n c  2 y + p2 s i n c  2 z )  D 

L 
i=i 

s i n  B T ( Y - Z )  
BT s i n ( y - z )  + 2 p  g ( E e i H  s i n c y  s i n c z  

Y 

(A-12) 

I f  w e  assume t h a t  the t ransmit ted s i g n a l  energy  i s  held c o n s t a n t ,  
t h e n  i n  a n  a d d i t i v e  g a u s s i a n  n o i s e  environment ,  s i g n a l  d i v e r s i t y  r e c e p -  
t i o n d o e s  n o t  improve performance and i f  n o t  c o h e r e n t l y  summed a t  
t h e  r e c e i v e r ,  a c t u a l l y  degrades  per formance .  
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where 

( A - 1 3 )  

g ( e i )  i s  e q u a l  t o  t h e  sum o f  D i d e n t i c a l l y  d i s t r i b u t e d  
random c o s i n e  waves. T h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of one 
c o s i n e  wave can e a s i l y  b e  d e r i v e d  and i s  g i v e n  by 

where 

0 o t h e r w i s e  

d e )  = cose  

0 2 T  e 

whi le  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  g ( e )  i s  g i v e n  as 

( A - 1 4 )  * 

t h  where I o ( t )  i s  t h e  mod i f i ed  Bessel f u n c t i o n  o f  t he  0- o r d e r .  

T o  o b t a i n  t h e  c h a r a c t e r i s t i c  f u n c t i o n  of  g({e i lX w e  
s i m p l y  u s e  e q u a t i o n  (2-14) and t r a n s f o r m  t h e o r y  t o  o b t a i n  

* < x > ~  i s  d e f i n e d  as t h e  e x p e c t a t i o n  o f  x w i t h  r e s p e c t  t o  

t h e  v a r i a b l e  k.  
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Equa t ion  ( 2 - 1 5 )  i s  a l l  t h a t  i s  needed to s e n e r a t e  t h e  
s o l u t i o n  f u r  

Such a r e s u l t  a l l o w s  one t o  e x p r e s s  t h e  b i t  e r r o r  p r o b a b i l i t y  
f o r  t h e  s p e c u l a r  r e f l e c t i o n  c a s e  i n  c l o s e d  form. 

U n f o r t u n a t e l y , t h e  s o l u t i o n  o f  t h e  r e q u i r e d  e x p e c t a t i o n  
i s  i n  terms o f  h i g h e r  o r d e r  mod i f i ed  Bessel f u n c t i o n s  and a l t h o u q h  
such  a s o l u t i o n  i s  ma themat i ca l ly  s a t i s f y i n q  i t  does  n o t  e a s i l y  
l e n d  i t s e l f  t o  t h e  o b t a i n i n g  of numer ica l  r e s u l t s . *  T h e r e f o r e  
w e  sha l l  u s e  t h e  f o l l o w i n g  a l t e r n a t i v e  approach  t o  o b t a i n  t h e  
des i r ed  r e s u l t s .  

If we t a k e  t h e  e x p e c t a t i o n  o f  e q u a t i o n  ( A - 8 )  w i t h  
r e s p e c t  t o  g ( { e > )  w e  can  wr i te  t h e  b i t  e r r o r  p r o b a b i l i t y  i n  t h e  
f o l l o w i n g  i n t e g r a l  form 

1 DBT + j-1 DBT-1 k k  

k! E! 2DBT + R + j  
P ( E )  = i 

j = o  R=o k=o 

-D P D 

- ( L  
D 

i 

1 
i n ,  

4 
i=i 

where p ( g { e ) )  
v a r i a b l e  g ( { e > ) .  

i s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e  random 

The p r o b a b i l i t y  of t h e  sum o f  D i d e n t i c a l l y  d i s t r i b u t e d  
random c o s i n e  waves has been d e r i v e d  b y  b o t h  S lack5  and Leong 6 . 
F i g u r e  A - 1  i s  reproduced  from S l a c k ' s  pape r .  

*The reader i s  r e f e r r e d  t o  Reference  4 where t h e  e v a l u a t i o n  ot 
t h e  e x p e c t a t i o n  i s  ob ta ined  f o r  t h e  no d i v e r s i t y  c a s e .  
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1.0 

. 5  

.1 

s ( t e i 3 )  
n RaLio 0) modulus d instantrheous value h peak dnplitudc 

F i g u r e  A - 1  I n s t a n t a n e o u s  v a l u e  o b t a i n e d  from t h e  
combinat ion o f  n c o s i n e  o s c i l l a t i o n s  

*Taken f rom F i g u r e  3 of Reference  5 .  
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I n  n u m e r i c a l l y  i n t e g r a t i n g  e q u a t i o n  2-16 w e  s h a l l  u s e  t h e  e x a c t  
d i s t r i b u t i o n s  g i v e n  by Slack  f o r  p ( g { e } )  when D < 4. - 

3. M u l t i p a t h  - Slow D i f f u s e  Fading  

I n  t h i s  c a s e  b o t h  a s p e c u l a r  and d i f f u s e  r e f l e c t i o n  
a re  assumed t o  e x i s t .  
{ a 2 ( t ) }  o v e r  a b i t  i n t e r v a l  i s  assumed t o  b e  so  s low t h a t  t h e y  

can  b e  t a k e n  as c o n s t a n t  random v a r i a b l e s  o v e r  a b i t  t i m e  
i n t e r v a l .  
when ave raged  o v e r  t h e  {all(t) , {a2i ( t ) } ,  and { e i )  p a r a m e t e r s  

However, t h e  v a r i a t i o n s  o f  { a l ( t ) l  and 

We now p roceed  t o  d e r i v e  t h e  b i t  e r r o r  p r o b a b i l i t y  
A ~- 

f o r  t h e  s p e c i a l  c a s e  o f  sma l l  d o p p l e r .  Thus,we assume 

K 1 ( e i )  = K 2 ( e i )  = 1 - s i n  c 2 BT(y-Z) t wi 2 

where 

2 
w .  
1 

a 1 1 -  

2 i 6  

A 

A 

1 

i 2  p + s i n c  ~ ~ ( y - 2 )  C O S C ( ~ - Z ) B T  t e i ]  

l7 s i n c  B T ( y - 2 )  s in[ (y-z)BT t e . ]  
1 

(A -17 

To compute t h e  averaged  b i t  e r r o r  p r o b a b i l i t y  q iven  
{e) P , C E / N O / { ~ } I ,  w e  can write 

DBT-1 
1 
a !  
- DBT t k - 1 

k - a  
k= 0 a=o m=o 
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(A-18) 
where 

D 
1, ' 2 

i I..". 
i=i 

2 -  ' w  w -  

Not ing  t h a t  w given 9 i s  a Fiician random v a r i a b l e  
w i t h  2D d e g r e e s  o f  f reedom, t h e  e x p e c t a t i o n  i n  e q u a t i o n  ( A - 1 8 )  
be  e v a l u a t e d  u s i n g  a s p e c i a l  r e s u l t  from Appendix A of Reference  4 .  
Thus w e  have 

can 

€ / N o  
(=  exp (- & [1 - s i n e 2  BT(y-z)] ''; . 

'e ITTT L ~ J  / 

k= o a=o m=o j = o  

2 

1 + -  N D  

E V 
€ 

0 

(A-19) 
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where 

D 
2 v 2  = vi  

i=i 

s o  t h a t  

v2 = D [ p  + s i n c 2  BT(y-z)] + 2 p  s i n c  BT(y-z) g ( { e > )  

Numerical i n t e g r a t i o n  w i l l  be used t o  i n t e g r a t e  
e q u a t i o n  (2 -19)  w i t h  r e s p e c t  t o  g ( I 8 1 )  i n  a manner ana logous  t o  
t h a t  which was used  t o  o b t a i n  t h e  b i t  e r r o r  p r o b a b i l i t y  f o r  t h e  
no d i f f u s e  m u l t i p a t h  c a s e  ( e q u a t i o n  A - 1 6 ) .  

We n o t e  t h a t  i f  we u s e  e q u a t i o n  ( A - 1 9 )  when, i n  f a c t  
K 2 ( e ) <  K1(0), t h e n  t h e  e f f e c t  o f  t h e  approximat ion  K 2 ( 8 )  = K 1 ( e )  

i s  t o  g i v e  a p e s s i m i s t i c  p r e d i c t i o n  o f  performance and s o  
e s t a b l i s h e s  an  upper  bound t o  per formance .  

2 E  
Case 2 
t h e  s p e c i a l  c a s e  o f  dopp le r .  

( t '  @ m) t ime v a r y i n g  o v e r  t h e  b i t  i n t e r v a l  for 

I n  t h i s  s e c t i D n  we assume t h e  a k i ( t )  pa rame te r s  t o  
be t i m e  v a r y i n g .  We f u r t h e r  assume t h e  d i f f u s e  p o r t i o n  of' t h e  s iq-  
n a l  t o  have been g e n e r a t e d  from e s s e n t i a l l y  an  i n f i n i t e  number of 
r e f l e c t e d  p a t h s .  Although t h e  ampl i tude  and phase  d i s t r i b u t i o n  
o f  t h e  r e s u l t a n t  r e f l e c t e d  s i g n a l  i s  de l ayed  from t h a t  of t h e  
i n c i d e n t  s i g n a l ,  it i s  assumed t h a t  no new f requency  components 
are c r e a t e d  i n  t h e  r e f l e c t i o n  p r o c e s s  s o  th r , t  t h e  bandwidth of 
t h e  d i f f u s e  r e f l e c t i o n  is  e q u a l  t o  t h e  I n f o r m a t i o n  bandwidth 
and i s  assumed t o  have a w h i t e  spectrum. 



BELLCOMM, I N C .  - A-12 - 

Proceed ing  i n  a manner ana logous  to t h a t  i n  Refe rence  4 ,  
for D = l  w e  have t h a t  t h e  b i t  e r r o r  p r o b a b i l i t y  g i v e n  0 can be 
w r i t t e n  as 

where 
D 

r12 = L . 4  5- n: 
i=l 

T w o  approaches  w i l l  b e  used t o  o b t a i n  s o l u t i o n s  to 
e q u a t i o n  (A-20) .  
w h i l e  i n  t h e  second t h e  more r i g o r o u s  Karhunen-Loeve expans ion  
o f  t h e  a i ( t )  random p r o c e s s e s  i s  used.  

I n  t h e  first, a ch i - squa re  approx ima t ion  i s  u s e d ,  

( 2 )  Chi-square Approximation - 4 D  degrees of freedom 
2 I f  w e  can use  t h e  ch i - squa re  approx ima t ion  t h e n  n 

i s  g i v e n  by  
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S i n c e  n2 i s  ch i -square  d i s t r i b u t e d  w i t h  4 D  degrees o f  
freedom w e  can e v a l u a t e  t h e  e x p e c t a t i o n  i n  e q u a t i o n  (A-,20) b y  
use  o f  Appendix A o f  Reference  4 w i t h  t h e  r e s u l t  t h a t  t h e  b i t  
error p r o b a b i l i t y  g i v e n  { e i }  i s  

-1 B 2m 
( 4 - 2 1 )  

b) Karhunen-Loeve Expansion o f  a , ( t )  and a 2 ( t ) *  

If w e  expand t h e  a parameters i n  a Karhunen-Loeve 
Expans ion  w e  have 

D 

i=1 

where 

*For a d e t a i l e d  d e r i v a t i o n  see Refe rence  4 .  
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2 2 where r ( e i )  = 1 + p + 2p cos  e i  

N 

q = 1  

-T/2 

(0 i+t and/or j + R  

‘ “ k j i  “k 

2 where ri 

i=t  and j = a  D 

Thus we need  f i n d  t h e  e x p e c t a t i o n  g i v e n  i n  e q u a t i o n  (A-20)  

i s  t h e  sum of 2ND i ndependen t  n o n - c e n t r a l  ch i -square  
v a r i a b l e s .  S i n c e  each  o f  t h e  d i v e r s i t y  channe l s  can b e  expanded 
i n  an  i d e n t i c a l  manner , the re  w i l l  be D groups  of  2 N  v a r i a t e s ,  each 
o f  whose members w i l l  be i d e n t i c a l l y  d i s t r i b u t e d ,  excep t  f o r  
d i f f e r e n t  n o n - c e n t r a l  pa rame te r s .  Therefore ,  w e  can w r i t e  t h e  
b i t  e r r o r  ra te  g i v e n  {ei) as 



. 
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where c = k  
N 

y = l  
Y 

@ [ -1/2]  = 
j 3  

( A - 2 2 )  

The V 2 v a l u e s  are g i v e n  i n  Tab le  A-1 
Y 

j 3  2 1  

j 3  = 0 (A-23) 

The X v a l u e s  are g i v e n  i n  T a b l e  A - 2 .  o0(-1/2) i s  g i v e n  b y  Y 



. 

3 
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,106 

TABLE A - 1  
2 Vy f o r  t h e  F l a t  Spectrunl  

V2 
Y Y 

(11-25) 

0 -7 4 



. 

1 
8 

9.8405 x 10-l 
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3 

4 

- A - 1 7  - 

2.4359 x 10-1 

2.4647 x 

TABLE A-2 

7 

Eigen  Values f o r  the Flat Spectrum 

4.8028 x 

X ( B T = 2 )  Y Y 

I 5 I 1 . 0 6 6 1  x 

1 
-11 I 9 1 5.9714 x 1 0  
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. 2  U n c o r r e l a t e d  D i r e c t  and Fi'eflected P a t h  T ransmiss ion  
FSK Modula t ion  

The r e c e i v e d  s i g n a l  f o r  t h i s  case has been d e s c r i b e d  
A s  d i s c u s s e d  e a r l i e r , d u r i n g  t h e  i n i t i a l  p o r t i o n  i n  S e c t i o n  I .  

o f  t h e  d i r e c t  p a t h  ith b i t  d e t e c t i o n  (0  t o  T ), t h e r e  i s  sirnul- 
t a n e o u s  d e t e c t i o n  of  t h e  r e f l e c t e d  p a t h ' s  j th  b i t , w h i l e  for 
t h e  remainder  o f  t h e  b i t  d e t e c t i o n  p e r i o d  (T t o  T) t h e  r e f l e c t e d  
p a t h ' s  kth b i t  i s  t h e  m u l t i p a t h  n o i s e .  Assuming t h e  ith b i t  t o  
b e  a mark, s e v e r a l  d i f f e r e n t  m u l t i p a t h  e f f e c t s  can b e  g e n e r a t e d  
depending  upon t h e  mark or space  c h a r a c t e r i z a t i o n  o f  t h e  

j th  and kth b i t s .  
s i d e r a t i o n s ,  t h e  b i t  e r r o r  p r o b a b i l i t y  P e  can be w r i t t e n  as t h e  
sum o f  t h r e e  terms.  Thus 

However i f  w e  t ake  advantage  o f  symmetry  con- 

3 Pe2 P e  
P e  = Pel t y + -  2 

where we have,  w i t h  r e s p e c t  t o  e q u a t i o n  (1-1) t h a t  

i = j = k  for Pe l  

i # j = k  f o r  P e 2  

i = j # k y  
i = k # j  3 ) f o r  P e  

We now proceed  t o  c a l c u l a t e  Pel and P e 2 .  

u sed  t o  bound Pe, .  
These r e s u l t s  w i l l  be 

J 

When i = j = k t h e  d e t e c t i o n  problem i s  i d e n t i c a l  t o  
t h e  c o r r e l a t e d  c a s e , s o  t h a t  we may u s e  t h e  r e s u l t s  d e r i v e d  i n  
S e c t i o n  A . l  t o  compute Pe l .  
and A - 1 9  when t h e  f a d i n g  i s  e i t h e r  s p e c u l a r  o r  R i c i a n .  

Thus P e l ,  i s  g i v e n  by e q u a t i o n s  A.16 

To compute P e  where i # j = k , the  energy  measure 2 2 x1 i s  g i v e n  b y  
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2 where w e  have assumed t h a t  i=1 whi l e  x2 i s  

P roceed ing  once more i n  a manner ana locous  t o  t h e  one 
fo l lowed  when BT=1 ( r e f e r e n c e  4 ) , w e  have t h a t  t h e  c o n d i t i o n a l  
b i t  e r r o r  p r o b a b i l i t y  Pe2 (S/N /{all,{a21) i s  g i v e n  b y  

0 

where 
2 (A-26) 

Q (’ b I =  t e x p i -  r - 2  - t2 - Ji- a I ]  J I o v S  l a t )  d t .  6’ - L E  

DBT-1 2-R-DBT c = y 7  (DBT-1 + a ) !  
-. j (DBT-1 + j)! ( 2 - j  > !  a= j 

D 

z 2  = E [(. 
i=l L 
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The e x p e c t a t i o n  of e q u a t i o n  (A-26)  f o r  t h e  g e n e r a l  
c a s e  i s  d i f f i c u l t  t o  o b t a i n .  However, i t  can  b e  s o l v e d  for two 
i m p o r t a n t  s p e c i a l  c a s e s .  I n  t h e  f i r s t ,we  assume t h e  r e f l e c t i o n  
t o  be t o t a l l y  s p e c u l a r , w h i l e  i n  t h e  second w e  assume t h e  re- 
f l e c t i o n  t o  b e  comple t e ly  d i f f u s e .  

1) S p e c u l a r  r e f  l e e  t i on {a1) = { a 2 }  = 0 

where 

2 2 )  D i f f u s e  r e f l e c t i o n  p = o  
I n  t h i s  c a s e  w e  have t h a t  a i s  a Ray le igh  v a r i a t e  w i t h  

2D d e g r e e s  o f  freedom. I n  Appendix B ,  t h e  e x p e c t a t i o n  o f  t h e  
c o n d i t i o n a l  b i t  e r r o r  w i t h  r e s p e c t  t o  t h e  v a r i a t e  a ,  i s  carpi-ed 
o u t  w i t h  t h e  r e s u l t  t h a t  

where 

-. 
- 
i DBT-1 ! 

‘I . 2k 
D 1-11 I 5 * 1  Tj/ (A-28) 

J 

(A-29) 

b a  
( 4 - 3 0 )  

( D + j - 1 )  ! [I-D ; j + l  ; - 
( D - 1 )  ! 

F (a ;b ; - z )  i s  t h e  Conf luent  hypergeometr ic  f u n c t i o n  1 1  
d e f i n e d  i n  i n t e g r a l  form by 
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given by 

1 

(1-t)b-a-l dt -zt ta-l I e  F (a;b;-z) = r ( b )  
1 1  r(a) r ( b - a )  

0 

For the special case ;i < D and in particular when - BT=l, T. reduces to 
J 

D! b2j Lj (D+j+1> ! ( D + j  ) ! 
- ( D - l ) !  ( D + 2 j + l ) !  

T -  j - I-jTDJ-T D- j 

where LJ (-2) is the generalized Laguerre polynomial given by D 
D j+D' 

c.l 

LD j ( - z )  = (j-mJ Om 
1 .. m! 
m= o 

To determine Pe ( S / N o / 8 )  and Pe we assume that reasonable 3 3 
bounds can be obtained in the following manner: 

Pe (lower bound) = min(Pel, Pe2) 3 

Pe (upper bound) = max(Pel, Pe2) 
3 
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APPENDIX B 

Perivation of Bit Error when the Reflected Transmission Is 
Uncorrelated with the Direct Transmission when p 2 = 0. 

For convenience we repeat equation A-26 of the text in 
the following form 

( E - 1 )  

where 

+ b  Pe (c/No/a;  = 

Pe (c/No/a) = exp 

2 2  

DBT-1 a2 t b [(sjl ( q l ,  (ab) b J- j  2 3 2  
j=1  

As noted in the text when p 2 = o ,  the parameter a is a 
Rayleigh variate with 2D degrees of freedom. Thus we have that 
the bit error probability is given by 

where 
2D-1 

exp(-a2/2u2) a 
= 2D-1u2D (D-1) ! CB-3) 

(B-4) 
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Each of  t h e  i n t e g r a l s  on t h e  r i g h t  hand s i d e  o f  e q u a t i o n  (B-4) 
i s  e v a l u a t e d  s e p a r a t e l y  however f o r  each  w e  make u s e  o f  t h e  
f o l l o w i n g  r e s u l t "  

OJ 2 2  
= [ exp( - l / i l  c 2 cx - 2 )  ],a 1 - p  r(p+l) J ( c t )  e-" t P - l d t  

P 
0 

2 Re ci > O  R e ( p t p ) > o  

where J ( c t )  i s  a Bessel f u n c t i o n  of  t h e  f i r s t  k i n d .  Note t h e  
lJ 

where I ( x )  i s  a modi f ied  B e s s e l  f u n c t i o n  o f  t h e  f i r s t  k i n d .  n 

""Higher Transcenden ta l  F u n c t i o n s " ,  Volume 2 of t h e  
Bateman Manuscr ip t  P r o j e c t ,  p.  5 0 ,  e q u a t i o n  ( 2 2 )  McGraw-Hill 
Book Company, Inc.., 1953. 
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To evaluate 7 1Pe2(S/No/a)p(a)da = 1Pe2(E./N 0 ) 
I 
0 
2 

Pe (UNO) can be written as 1 2  

W m t +2 
2 

2 "  

Io [:=I at dt p(a)da 
IL2 

a b  
- -1 p(a)da = , 

J J 
0 0 b 

Interchanging order of integration and using equation 
(B-5) leads t o  

3 

1-D;l; -t2a2 - )is equal to the following 
2(a2+2) 

Laguerre polynomial* 

where D - 1  I \ 
\- L (-XI = 

m= o D - 1  

Substituting equations (B-7 )  and (B-8) into equation 
(B-6), interchanging the order  of summation and integration and 
rearranging terms leads to 

D - 1  m 

ume-udu 2 D - l  r? 

Pe ( U N O )  = - 
1 2  (2+,2)D-1 [ '  m= 0 

2 (a 2+2) 
*"Handbook of Mathematical Functions", p. 509 
relation 13.6.9, National Bureau of Standards Applied 
Mathematical Series 55,  June 1964. 
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The i n t e g r a l  on t h e  r i g h t  hand s i d e  of  e q u a t i o n  (B-9) can  
b e  e v a l u a t e d  i n  t h e  fo l lowing  manner 

Assume 1 u m exp -u du = e-a J .  k . a  m - i  
.L 1 a 1=0 

where ( 1  
ki‘ { 

i-1 (( m - i t  1 ) k 

i = o  

i # o  

(B-10) 

Proof by i n d u c t i o n :  

It i s  e a s y  t o  show t r u e  for m = O ,  1, and 2 assume t r u e  f o r  m=n 

t h e n  i n t e g r a t i n g  by p a r t s  we have 

m 03 

(B-11) ‘ n  

a 
exp -u du = -untl exp-u t ( n t 1 )  ’ u exp -11 du i E l i’  i- n t l  

!U 
a 
d 

a 

t h e  r i g h t  hand s i d e  o f  e q u a t i o n  (B-11) r e d u c e s  t o  

03 7 

n 
c k i  an-’ntl = bu t  a n t l  

i = o  i = o  

.*.equation ( B - 1 0 )  i s  t r u e  

Thus w e  s u b s t i t u t e  e q u a t i o n  ( B - 1 0 )  i n t o  e q u a t i o n  ( 9 )  
w i t h  t h e  r e s u l t  t h a t  

(B-11) 



c 

B E L L C O M M ,  INC. - a5 - 

I n  a s imi l a r  f a s h i o n  w e  can  e v a l u a t e  2 P 2 ( S / N o )  and  
P ( S / N  ) w i t h  t h e  r e s u l t  t h a t  P 2 ( S / N o )  i s  g i v e n  by e q u a t i o n  3 2  0 

(2-28) of t h e  t e x t .  


